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Abstract 



We reconstruct the 2-completion of the second real Johnson- Wilson 
theory using quadric curves and supersingular elliptic curves with Fo(3)- 
level structures. 



1 Introduction 

The Z/2-equi variant Johnson- Wilson spectrum EM.(n) was first constructed by 
Hu and Kriz in [5] from the Real complex cobordism spectrum MUr. The 
homotopy fixed points spectrum ER(n) — ER(n) hZ / 2 have been computed in 
g] and 0. ER(n) is 2" +2 (2 n - f)-periodic compared to the 2(2™ - l)-periodic 
E(n). The spectrum ER(1) is KO {2) and E(l) is KU {2 y 

In this paper we study the chromatic layers of ER(2) and how they fit 
together using the chromatic fracture square. 

Fix p = 2. Let E n be the n-th Morava i?-theory. This is a Landweber exact 
theory with 



7r»E n = W(F 2 »)[[tti,...,u„_ 



±ll 



which classifies deformations of the height n Honda formal group law. The n-th 
Morava stabilizer group 

s» = <^ iQa (i) 

(the group of units in the maximal order of the division algebra over Q2 with 
Hasse invariant —) acts on the spectrum E n through i^oo-ring maps. This action 
extends to an action of the extended stabilizer group Gal(F2« /F2) x S n . Consider 
the subgroup K — Gal(F2" /F2) tx F£„. Then the homotopy fixed points can be 
related to the if(n)-localization, LK{ n )E(n) ~ E% ■ The group Z/2 acts on 
E(n) by complex conjugation via the Z/2 equivariant MC/jR-modulc ER(n) and 
on E n by the action of the formal inverse. It is known that previous equivalence 
is also a Z/2-equivariant equivalence; 

L K(n) ER{n) ~ {{E n ) hK ) m ' 2 

For n = 1, the stabilizer group §1 = has the maximal finite subgroup 
Z/2 = {±1} and L K{1) ER{2) = E^' 2 . 

For n = 2, the stabilizer group S2 = i q 2 has the maximal finite subgroup 

M = Qs x C 3 and L K{2) ER{2) = ^ 
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Let KO denote the spectrum of orthogonal if-theory and TMF denote the 
spectrum of topological modular forms. The spectrum TMF arises from the 
moduli stack of smooth elliptic curves Ell in the same way KO arises from the 
moduli stack Forms(G) of forms of the multiplicative group. The localizations 
of KO and TMF at the chromatic primes can be described as 

for prime 2, 



Since, by definition, there is only one isomorphism class of x over F p and the 
group Aut(x) = Z/2 is the maximal finite subgroup of Si, the right hand side 

is the Hopkins-Miller higher real AT-thcory EO\ S(Wp,Wp) . 
For primes 2 and 3, 



where Ell ss is the locus of supersingular curves at prime p. Since there is a 
unique isomorphism class of elliptic curves x at these prime and Aut(x) is the 
maximal finite subgroup of § 2 the right hand side is the higher real if-theory 



We wish to identify the localizations of ER(2) at the chromatic primes using 
appropriate etale extensions of KO and TMF. This raises the questions 

(i) Given p = 2 and chromatic height 1 does there exist x G Forms(G)2 for 
which Aut(x) is the group Z/2 = Si? This is trivial. 

(ii) Given p = 2 and chromatic height 2 does there exist an etale 
cover of X of Ell ss so that there exists x G X for which Aut(x) is 
the subgroup C2 x C3 of §2? 

The purpose of this paper is to answer these questions in the affirmative and 
as a consequence show that the stack associated to the spectrum ER(2) can be 
covered with certain modular curves and quadric curves. 

1.1 Setup 

Let X be a p-local homotopy commutative ring spectrum. 

Consider the cosimplicial ring spectrum BP A ' +1 A X and the associated 
cosimplicial graded commutative ring 7r*(_BP A,+1 A X). Define the geometric 
1-stack Mx = Spec7r»(BP A,+1 A X) over SpecZ (p) . 

If X is a BP-module then Aix is an affinc scheme. 

Given a ring spectrum E, the cosimplicial ring spectrum E A ' +1 A X gives 
an atlas for Mx provided 

1. E Ak A X is a BP-module for every k, 





EO' 2 l 



,hg{¥ p /¥ p ) 
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2. X£ ~ X( p ). 

In this case there is an equivalence of stacks Spec ir*(E A ' +1 A X) ~ A^x- 
Therefore certain choices of E might give us simpler resolutions of Mx- 

The map of cosimplicial ring spectra BP A ' +1 — > BP A ' +1 A X gives a map 
of geometric 1-stacks Mx Mfg x SpecZ( p ). 

Lemma 1.1. // the map Mx — > Mfg* SpecZ^ is flat and Y is another ring 
spectrum then there is a homotopy pullback of stacks 

Mxay >- Mx 



My >■ Mfg 

Let M n be the height-n layer of M fg x Spec Z( p ) and M n its formal neihbor- 
hood. If M- n denotes the formal groups of height > n, then M n is M- n [v^ l 1 ]. 

M n is contained inside M- n as a closed substack. Let M n = (M- n )j n l 
denote the completion of M- n at M n . 

Let 

ij:SpecFp» -> M n 

be the Honda formal group of height n. This is a presentation for M n and an 
etale §>„ x Gal(F pn /F p )-torsor. let Dcf(r„,F pn ) be the Lubin-Tate deformation 
space. There is a map 

Def(r„,F p n) -> A? 1 

which is a presentation and an etale §„ x Gal(F p ™ /F p )-torsor. Furthermore there 
is a homotopy pullback 

SpecF pn >Def(r„,F p n) 



M n > M n 

This gives us a the following represenation of the pullback, 

Spec tt» (E A ' +1 A X) > M x 



M n ^ Mfg 

Here E n are the Hopkins-Miller spectra associated to the space of deforma- 
tions of T„ over F pn . 

The stack Mx can be assembled from the pieces M n X-Mfg -Mx- 
For instance, 

Proposition 1.1. If X is E (2) -local then (Mx)p is the homotopy pushout 
M 1 x Mfg M x 'U M 2 x Mfg M x 
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The double cosimplicial ring spectrum E±* +l hE^ ° +1 AX gives a represention 
of the stack _M 2 [uf 1 ]p x Mfg Mx 

We give a precise description of the 2-completion of M er{2) ■ 

Theorem 1.1. 

(M ER{2) )$ ~ Forms(G)£ [] Ell (3)f 

(Ell (3)r)°- d 

Notation: Ell (3)| s is the completion of Ell (3), the moduli stack of smooth 
elliptic curves with To (3) level structures, at the supersingular locus at the prime 
2 and (Ell (3)| ;s ) ord is its ordinary locus. 

2 Elliptic Curves 

Let Ell be the moduli stack of elliptic curves over Spec(Z). A morphism Spec(i?) — > 
Ell classifies an elliptic curve C — > R, which is a smooth proper morphism whose 
geometric fibers are elliptic curves. Let Ell denote the compactified moduli stack 
classifying generalized elliptic curves. 

A Weierstrass curve over R is the closure in of the affme curve 

y 2 + a\xy + a$y = x 3 + a 2 x 2 + a^x + ag (2) 

over R. The curve is smooth if and only if A = A(oi, . . . , ae) is invertible in R. 
An isomorphism of Weierstrass curves in given by the change of coordinates 

x' = x + r, y' = y + sx + t 

The Weierstrass curves along with their coordinate changes form an algebraic 
stack M(a,t) determined by the Hopf algebroid (A, V) where 

A = Z[a 1 ,a 2 ,a 3 ,a 4 ,a e ], T = A[s,r,t] 

The Hopf algebroid structure maps are implicit in the definitions. 

Any generalized elliptic curve C — > S admits a presentation in the Weier- 
strass normal form locally over S in the flat topology. The identity element of 
the elliptic curve is identified with the unique point at infinity of the Weierstrass 
curve. This gives a map of stacks Ell — > A4(A,r) which is an equivalence on the 
substack of smooth elliptic curves, Ell ~ M^a- 1 ]. re- 
consider the substack 

Eil p -> EN 

This is the p-complction of Ell. Note that Ell p is a formal Deligne-Mumford 
stack. For any p-complete ring R the map Spf(i?) — 5> Ell classifies an ind-system 
C m /Spec(R/p n ) of generalized elliptic curves. 
Define (EU)f p = EN x z Spec(F p ). Let 

(Eir d ) Fp c (B\) ¥p 

denote the locus of ordinary generalized elliptic curves in char p, and let 

(Eii") Fp = (b\) ¥p (nr\ p 
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denote the locus of supersingular elliptic curves in char p. 
Consider the substack 

Eli; s C B\ p 

Ell* 5 = completion of EN at (Eir) Fp . 

Let (A, T) be the Hopf algebroid for the moduli of genralized elliptic curves. 
Define 

A' = aia- 1 }^, r' = A' !%>a r ® A A' 

We can identify 

e\\; s = M {A ,, n 

Theorem 2.1. (Serve, Tate) Let R is a Noetherian ring with p nilpotent and 
I a nilpotent ideal in R, then the following is a homotopy pullback square of 
groupoids 

{supersingular elliptic curves E — > SpecR} 5- {formal groups E — s> SpecR} 



{supersingular elliptic curves Eq — > SpecR/ 1} 5- {formal groups Eo — > SpecR/ 1} 

where the horizontal maps are taking the formal completion at the identity sec- 
tion and the vertical maps are reduction modulo I . 

An alternative formulation of the Serre-Tate theorem is 

Theorem 2.2. There is an equivalence of formal Deligne-Mumford stacks 

Ell* s ~ A^P x-Mfg EN 

Let £ be a supersingular elliptic curve over a field k of characteristic p 
classiying a point r\ : Speck — > (EII)f p , then the Serre-Tate theory given an 
isomophism of the formal neighborhood of rj with Spf VK(fc)[[«i]], the universal 
deformation space for the formal group E. Therefore there is an equivalence of 
deformation spaces 

Def(£, k) ~ Def(£, k) 
2.1 Level Structures 

Let TV be a positive integer coprime to p. Let C[N] denote the iV-torsion points 
of C. C[N] is isomorphic to the constant group scheme (Z/nZ) 2 over C. Let 
Ell(iV) denote the moduli stack of pairs (C, 77) where C is a smooth elliptic curve 
and rj is a full level-n structure, a choice of isomorphism 

j] : {Z/nLf ^-^C[N] 

Equivalently, the points of EII(A^) are triples (C, P, Q) where P and Q are a pair 
of iV-torsion points on C that generate C[iV]. 

Let Elli(iV) denote the moduli stack of pairs (C, P) where P is TV-torsion 
point over C. Finally, let Ello(TV) denote the moduli stack of pairs (C, H) where 
H is a choice of a subgroup scheme H C C[N] isomorphic to Z/nZ. 
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Theorem 2.3. (Deligne, Rapoport) (J^)The moduli stack Ell (AT) is an smooth 
affine scheme over Special / TV] for N > 3. For N > 4 the moduli stack Elli(iV) 
is a smooth affine scheme over SpecZ,[l/N\. 

The maps forgetting level structures induce a diagram of moduli stacks 

Ell(iV) 
Ti(JV) 

Ell, (A ]r„i.vi 

GL(2,N) [ (Z/JVZ)> 

Ello(AT) 



Ell x SpecZ[l/iV] 

where all the arrow are finite etale and the labeled ones are Galois. 
The Galois groups are defined as follows, 




Y 1 (N) 



r (AO = 



1 * 

* 
* 



G GL{2,N) 



G GL(2,N) 



Let EII(A^) p , Elli (iV)p and Ello(TV) denote the completions of the modular 
curves at p. Let El^iV)^ denote the pullback, 



Ell(iV)- 



Ell(iV), 



Since EII(iV) p is formal affine (assuming N > 3) and the right vertical arrow 
is an etale GL(2, A r )-torsor, Serre-Tate theory implies the the pullback 

EII(iV)-~JJSpfW(^)[[«i]] 

i 

for a finite set of fields ki (depending on N) . 
2.2 The Case p = 2, N = 3 

In char 2 there is only one isomporphism class of supersingular elliptic curves. 
We consider a representative in Weierstass normal form 



C : x 3 + y 2 + y = £ P2 



(3) 



G 



The automorphism group G24 = Autf 4 (G) is the group of units in the max- 
imal order of a rational quarternion algebra Q{i,j,k}. It's isomorphic to the 
binary tetrahedral group A4 — Q$ x G3 of order 24. It contains the quarternion 
group Qs = {±1, ±i, ±j ± k} and 16 other elements (±1 ± i ± j ± fc)/2. 

Let C A be the completion of G at the identity section. G is a formal group 
of height 2 over F4. The automorphism group Aut(C A ) = C£> 1/2 q 2 ^ s tne S rou P 
of units in the maximal order of the 2-adic quaternion algebra 

D hQ2 =Q 2 {i,j,k} 

Abstractly this is the completion of the Hurwitz lattice Z(±l, ±i, ±j, ±k) TJ(±1± 
i ± j ± k)/2 at the ideal (2). Notice that G24 is the maximal finite subgroup. 

Proposition 2.1. The map SpecF 4 — > (EII SS ) F2 classifying C is a presentation 
and an etale G24 xi Ga/(F4/F 2 )-torsor. 

It follows that the map Dcf(C, F 4 ) — >• Ell^ classifying the universsal defor- 
mation of C is an etale G24 x Gal(F4/F 2 )-torsor. By Serre-Tate theory there is 
an isomorphism of deformation spaces 

Dcf(G,F 4 ) ~ SpfW r (F 4 )[[ai]] 

The curve G lifts to W / (F4)[[ai]] as G : y 3 + aixy + y = x 3 , which is the universal 
deformation curve over Def(G, F4). G lifts further to 

y 2 + aiuxy + u 3 y = x 3 (4) 

over Spf 14 7 (F4)[[ai]][u ±1 ] the graded Lubin-Tate space. We shall call this G 
from now. 

Proposition 2.2. The map 

SpfWiW^aM^ 1 } -> Ell? ~ (M(A,r))f 2 , ol) 
classifying the curve 

C : y 2 + a\uxy + u 3 y = x 3 
is a presentation and an etale G24 x Ga^(F4/F2)-torsor. 
This is a restatement of 

L K(2) TMF = E0 2 

The level 3-structures on elliptic curves and their associated moduli stacks 
are related by finite etale morphisms 

Ell(3) —7*. Elli(3) — 2->- Ell (3) Ell x SpccZ[l/3] 

r i(3) 

of degrees 6, 2 and 4. The related modular groups are 

Ti(3) = G 3 x G 2 
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r (3) = c 2 xc 3 xc 2 

The point (0, 0) on the Weierstrass normal form of a smooth elliptic curve 
is a point of order 3 if it is of the form 

C(ai, a 3 ) : y 3 + a x xy + a 3 y = x 3 , a 3 ^ 

Furthermore, if (a, (3) is a point of order 3 on a curve C . There is an isomor- 
phism 6:C ->C such that 0((O,O)) = {a, /3). 
This gives us the following propositions. 

Proposition 2.3. The map 

SpfW(¥ 4 )[[a 1 ]}[u ±1 }^B\ 1 (3y 2 s 

classifying the point (C, (0,0)) is a presentation and an etale C3 x Gal(¥4/¥ 2 )- 
torsor. 

Proposition 2.4. The map 

SpfW(¥ 4 )[[a 1 }}[u ±1 }^E\\ (3) 2 :s 

classifying the point (C 1 , < (0,0) >) is a presentation and an etale C3 x C 2 x 
Gal(¥ 4 /¥ 2 )-torsor. 

The following diagram shows how the various modular curves at the super- 
singular locus in char 2 are related. All the arrows are finite etale and the 
labeled ones are Galois. Notation: Q — Gal(F4/F 2 ). 



EN(3)f 




Spf^(F 4 )[[a 1 ]][u ±1 ] — — Ell? 

Ct24 x y 

As a consequence there is a diagram of Eoo elliptic spectra. All the maps 
are K (2)-local Galois extensions. 
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M 2 x Mfg Ell(3) 



M 2 x Mfg EIIi(3) 



L K[2) TMF{3) 



L Km TMFi{Z)-^-^R 



h(C 3 xQ) 



M 2 X 



Mi 



ENo(3) 



L K(2) TMF (3) -=-»► E. 



h(C2xC 3 xg) 



L K(2) TMF =-»- K 



.M 2 x>, FG Ell — - 

It is a consequence of the Serre-Tate theory for modular curves that the 
first column is equivalent to the tower of modular curves completed at the 
supersingular fiber. The elliptic spectra arise as derived global sections of the 
stacks on the left column. 

2.3 Lk(2)ER{2) 

Let M.- 2 denote the moduli stack of formal groups of height at most 2. There 
is a faithfully flat presentation 

Spec Z^x, up] -> M^ 2 

Let the point / : SpccF4 — >• M.- 2 classify the formal group C associated to the 
supersingular elliptic curve C : y 2 + y + x 3 — 0. Let C denote the universal 
deformation of the curve C over Spf W(F4)[[ai]][u ±1 ]. 
The formal group C A has 2-series 



[% A (i) = 2ai - a x ut z - 7u d t 4 + ... 



(5) 



Consider the map 



SpfW(F 2 2)[[ ffll ]][ u 



(C A ,id,C A ) 



M 2 x-Mfg SpecZ (2 )[wi,w 2 



±ll 



classifying the formal group C A and the identity isomorphism, induced by the 
maps 

id: W(¥ 2 2)[[ ai ]] W(F 22 )[[oi]] 



and 



: Z (2 )[t)i, 



,±ii 



W(¥ 22 )[[ ai }][u 



±ll 



= —uai 
9(v 2 ) = -7u 3 
The map is a surjection and an etale presentation. 
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§2 = Aut(C A ) contains the unit group W / (F 4 ) X . Since 

W(¥ 4 ) x ~ (Z 2 ) 2 ©F 4 X ©Z/(2) 

we can consider the action of the subgroup F 4 . For a w £ F 4 X the linear formal 
power series g(t) = cot gives an automorphism of C A , i.e. an element of §2- 
Since the action of Aut(C A ) extends to an action on the deformation space 
SpfVF(F 4 )[[ai]][u ±1 ], we obtain an action of g on the ring T^(F 4 )[[ai]][ti ±1 ] by 

g(u) = urn 

g(ua\) = uj 2 uai 

which leaves v\ = — au\ and v 2 = — 7it 3 invariant. Moreover these are the only 
elements of §2 which acts invariantly on SpecZ(2)[vi,v 2 1 ]- Therefor we can 
identify the pullback in the following diagram of stacks 

SpfVK(F 2 2)[[a 1 ]][ M ±1 ] x (C 3 * G) ► SpfW(F 22 )[[ai]][ii ±1 ] 



SpfW(F 2 2)[[a 1 ]][ U ±1 ] *- M 2 x Mfg SpecZ^bi,^ 1 ] 

Let F be the universal formal group over Spec[wi, vf 1 } classifying formal 
groups of height < 2. The associated 2-series is 

[2]i?(x) = 2x +p vix 2 +p v 2 x 4 = 2x+ ... + v\x 2 + . . . + v 2 x 2 + . . . 

Consider the action of the constant group scheme Z/2 on Spec Z( 2 ) [vi , vf 1 ] given 
by the linear power series n{x) = —x. On the base ring the action is induced 
by the map 

fj, : Z( 2 )[ui,'U 2 tl ] ->■ Z(2)[«i,t;J 1 ] 

Vi !->■ -Vi 

Let Spec Z( 2 ) [v 2l vf 1 }^ denote the quotient stack i.e. the stack associated to the 
Hopf algebroid 

where the structure maps are induced by the action of /x. 
Proposition 2.5. There is an equivalence of stacks 

M E R(2) - Spec'L { 2)[vx,v^ 1 Y 

The the /x action lifts to an action of the constant group scheme (Z) by the 
power series ~p(x) = — [— 1}f(x). Note that in char 2 the power series — [— 1]_f(x) 
has order 2. 

Let SpecF 4 — > SpecZ( 2 ) [v\, vf 1 } classify the formal group C A associated to 
the elliptic curve C. Then we can identify the pullback 

SpccF 4 x SvecZ(2)[vi vt> SpccF 4 ~ (SpccF 4 f 
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The action of Z/2 =< /i > comes from the formal inverse 

["1]CA 

on the elliptic curve obtained by completing the inverse map [— 1] : C — > C 
along the identity. 

C2 =< [— l]c A > is a normal subgroup of Qs xi C3 x Gal(F4/F2), the maximal 
finite subgroup of the extended stabilizer group §2 x Gal(F 4 /F 2 ). 
The induced action of the deformation space is 

< JI >: ^(F 4 )[[ai]][ U ±1 ] ^(F 4 )[[ai]][u ±1 ] 

< ~p > (u) = —u 
<~p > (uai) = ua\ 

The map 

Spf^(F 2 2)[[a 1 ]][ U ±1 ] {CA ^ CA , ] M2 XMfg SpecZ (2) [«i,« 2 ±1 ]^ 

classifying the formal group C A and the identity isomorphism is surjective and 
an etale presentation and the following diagram is a homotopy pullback 

Spf^(F 2 2)[[a 1 ]][ U ±1 ] x (C 2 x C 3 x. 0) ^SpiW(¥ 2 2)[[a 1 }}[u ±1 ] 



SpfW(F 2 2)[[a 1 ]][ u ±1 ] -.M 2 XA , FG SpecZp)^,^ 1 ]" 

Combining with the observations of the previous subsection we get the fol- 
lowing. 

Proposition 2.6. There is an equivalence of stacks 
M 2 x Mfg M er{2) ~ Ell (3)f 

Let (Ell (3)f) ord denote the ordinary locus of Ell (3)f. If A = VK(F 4 )[[a 1 ]][u ±1 ] 
there is pullback square 

-ilA 



SpiA[a^ s-SpfA 



(EII (3)f) OTd -Ell (3)f 

We can make the following identification 
Proposition 2.7. 

M*[v?\$ xaw M er{2) ~ (Ell (3)f)- d 
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3 Forms of the multiplicative group 

Let G be the multiplicative group scheme described by the Hopf algebra Z[x ±:L ], 
with comultiplication x i— ¥ x ® x. The formal completion at x = 1 is the 
multiplicative formal group G A . 

A group scheme over S is a form of G if it becomes isomorphic to G after 
some flat base extension of S. 

Let Forms(G) denote the moduli stack of forms of G. For an affine scheme 
Spec R, the object Hom(Spec R, Forms(G)) is a groupoid whose objects are forms 
of G over Spec R and morphisms are isomorphisms of group schemes. 

There is Hopf algebroid 

A = Z[b, c, 2 -4c)" 1 ] 
T A = A[r] 

The associated stack Max a classifies quadrics x 2 +bx+c and coordinate changes 
x h- > x + r. 

There is natural map of stacks 

: -M(AXa) ~* Forms(G) 

which maps the quadratic x 2 + bx + c to P 1 — {a,f3}, where a,/3 G A 1 are 
the distinct roots of the quadric. The scheme P 1 — {a, /?} has a unique group 
structure with oo at the identity. 

Proposition 3.1. (Jop The map <f> is an equivalence of stacks. 

Furthermore, the Hopf algebroid (^4, T^) after a faithfully flat extension 
becomes isomorphic to the Hopf algebroid that encodes the complex conjugation 
action on KU. So we have 

Forms(G) ~ Mko 

Use the notation 

Forms(G)F p = Forms(G) Spec(Z/p) 

Forms(G) p = completion of Forms(G) along Forms(G)F p 

Let G A be the formal group obtained by completion of the multiplicative 
group scheme G at the identity. The group of automorphisms Aut(G A ) = . 
The graded Lubin-Tate space of deformations is Def(G A ,F p ) = SpfZ p [u ] and 
the map 

ip : SpfZpk^ 1 ] -> M 1 

sending a deformation to it's underlying formal group is a pro-etale Zp -torsor. 

Theorem 3.1. (Serre, Tate) Let R is a Noetherian ring with p nilpotent and 
I a nilpotent ideal in R, then the following is a homotopy pullback square of 
groupoids 

{forms of G , E — > SpecR} >■ {formal groups E — > SpecR} 



{forms of G , Eq SpecR/ 1} >- {formal groups Eq — > SpecR /I} 
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where the horizontal maps are taking the formal completion at the identity sec- 
tion and the vertical maps are reduction modulo I. 

A different way of seeing this 

Theorem 3.2. 

■M 1 y-M F G Forms(G) ~ Forms(G)j, 

Since all forms of G become isomorphic to G after some faithfully flat ex- 
tension, the map 

SpecFp ->■ Forms(G) Fp 

classifying the form G is a surjection and an etale Aut(G) = C2-torsor. 

The formal stack Forms(G) p is a formal neihborhood of the closed Forms(G)F p 
in Forms(G) and for E a fc-point the action of Aut(S) extends naturally to an 
action of the universal deformation space Def(_E, k) ~ Dci(E A ,k). Therefore 
the map 

SpfZ p [u ±1 ] Forms(G) p 

classifying G is surjective and an etale C2-torsor. 
Serre-Tate implies 

Proposition 3.2. The map 

SpfZpi^ 1 } -s- M 1 x Mfg Forms(G) 
classifying the triple (G A , id, G) is a surjection and an etale Ci torsor. 
This is a restatement of the classical 

L K{1) KO = EO x 

3.1 L K{1) ER{2) 

Let G A denote the universal deformation of G A . The associated 2-series is 

[%a(i) =2x- ux 2 

The map 

SpfZ^ 1 ] (GA '"*' GA) ; Mi x Mfg SpecZ^)^ 1 ] 

classifying the triple (G A , id, G A ) given by the maps 

ip : SpfZz^ 1 ] -> M 1 

vi i ^ —u 

is an equivalence of stacks. 
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Let F be the universal formal group law over Z( 2 ) [v^ ] classifying formal 
groups of height < 1. The constant group scheme Z/2 acts on Spec Z( 2 ) [vf 1 ] 
by the linear power series = — x such that fiF{x,y) = —F(—x,—y). The 
action of /x an action by the strict isomophism induced by the power series 
~p(x) = —[—1]f{x). In char 2 the order of ~p is 2. Let SpecZ( 2 )[i> 1 =1 ] A ' denote the 
quotient stack obtained by taking the stack associated to the Hopf algebroid 

z i2) iv?i] ^ z {2) [v?r /2 

structure maps induced by fi action. 

It follows from the previous subsection there is an equivalence 

Spec Z(2)[vf Y - Forms(G) x SpecZ (2) 
Therefore the following diagram is a pullback square 
SpfZ 2 [w ±1 ] x C 2 ^ Spf Z 2 [u ±1 ] 

SpfZ 2 [u ±1 ] ^M 1 x Mfg SpecZp)^ 1 ]" 

Also, 

M 1 x Mfg SpecZ (2) [i;j t Y ~ M 1 x Mfg Spec Z (2) [v u vf 1 ]* 
Finally, 
Proposition 3.3. 

M 1 x Mfg M er(2 ) ^ Forms(G) 2 
Proposition 3.4. The map 

M 2 [v^ x Mfg M E r{2) -> M 1 x Mfg M er{2) 
induced by the inclusion 

lifts to 

(Ell (3)| s ) or<i -> Forms(G) 2 

which sends the elliptic curve y 2 + a\xy + u 3 y = x 3 (ordinary since a\ is a unit) 
to the quadric curve y — x 2 + a\u 3 x. 
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